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flight path along with most efficient use of thrust to accelerate the
rocket to orbital speed at the lowest possible altitude. In the case
of the shuttle, the thrust angle has to be positive (but generally de-
creasing) during final acceleration to orbital speed (which results in
the larger steering losses). The Hohmann type of ascent is slightly
more efficient than the shuttle type of ascent (in getting the greatest
weight into orbit), but it takes nearly twice as long. In turn, the shut-
tle type of ascent takes considerably longer than direct ascent. The
primary advantage of Hohmann ascent or shuttle ascent over direct
ascent is that the same weight rocket can deliver about 16% more
total weight to the 240-mile orbit of the International Space Sta-
tion (ISS). For subsonic air launch (at about 40,000-ft altitude and
high flight-path angle) of a miniature rocket weighing 7000 lb, the
total weight delivered to the ISS orbit increases from about 128 lb
to about 150 lb in changing from direct ascent to either shuttle or
Hohmann ascent. It is conjectured that the disparity in total weight
placed in orbit should increase with an increase in orbital altitude.
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Introduction

E ARTH-ORBITING satellites experience partial or total
eclipses when they pass through the regions known as the um-

bra and penumbra. In the penumbra, the total solar irradiance is
partially occluded by the Earth, whereas the umbra can be defined
as the region on the antisun side of the Earth, which is completely
devoid of solar radiation.

Figure 1 shows the umbra and penumbra regions for a spherical
Earth. In reality, the Earth is flattened, with the polar radius being
about 0.3% smaller than the equatorial radius. If the Earth’s oblate-
ness is taken into account, the boundaries of the shadow regions are
altered.
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To model accurately the forces acting on the satellite due to solar
radiation, it is important to know exactly when the satellite enters or
exits a shadow region because the amount of solar radiation incident
on the spacecraft drops dramatically. Examples of forces so affected
include solar radiation pressure and the recoil force induced by
thermal reradiation.

It is perhaps surprising, then, that literature on this topic is so
sparse and that the existing material ranges between two extremes.
Several techniques use a spherical Earth model because this allows
simple geometric arguments to be developed.1−4 However, it is cer-
tainly worthwhile treating the Earth as an oblate spheroid because
it has been shown that, with respect to a spherical Earth, the main
changes occur in the timing of the umbra and penumbra transitions
and in the overall duration of the eclipse periods.5 Such mistiming
has important consequences for the precise numerical integration
of orbit trajectories.6 The main drawback of implementing such a
model is that existing approaches for eclipse boundary determina-
tion with a spheroidal Earth are significantly more complex than for
a spherical Earth. As a result, existing models using a spheroidal
Earth are costly to implement in operational software because they
are computationally intensive, requiring the use of either a series of
rotations5 or the solution of a quartic equation.3

As part of the force modeling work undertaken at University
College London by its Geodesy Research Group, a new treatment
of the problem has been developed that yields direct solutions for the
eclipse state while still accounting for the Earth’s polar flattening.
This Note presents the mathematical formulation of the method and
initial results.

Method to Determine Satellite State
An instantaneous plane is defined by the geocenter, the Earth–sun

vector rs and the Earth–spacecraft vector a. In this two-dimensional
space, the sun is modeled as a circle. The unit vector orthogonal to
the Earth–sun vector is used to find the two required edges of the sun
in an Earth centered inertial (ECI) coordinate frame (Fig. 1). The
vectors rs1 and rs2 can be defined as the lines from the geocenter
to sun-edge 1 and sun-edge 2, respectively. The method is based
on tests that determine whether or not lines from the sun edges to
the spacecraft intersect the Earth. If an intersection occurs, and the
distance from the sun to this intersection point is less than the sun–
spacecraft distance, then the satellite is either in the penumbra or
the umbra.

The actual calculations of the intersection points are carried out
using three-dimensional geometry, with the surface of the Earth
being mathematically approximated by the equation of a spheroid:

(x2 + y2)/p2 + z2/q2 = 1 (1)

where x , y, and z are the ECI coordinates of a point in space on the
surface of the spheroid, p is the equatorial radius, and q is the polar
radius.

The two lines between the spacecraft and the sun can be defined
as follows:

(x − a1)/b1 = (y − a2)/b2 = (z − a3)/b3 (2)

where a1, a2, and a3 are the x , y, and z components of the position
vector of the spacecraft a, and b1, b2, and b3 are the x , y, and z
components of the vector from either sun-edge 1 or sun-edge 2 to
the spacecraft, b. Vectors a and b can be obtained for a specific
epoch, and hence, the lines are defined. In the plane, rays of light
starting at the sun edges and making tangents with the Earth define
the full phase/penumbra and penumbra/umbra boundaries, as shown
in Fig. 2.

To determine ŝp , the cross product between rs and a is taken to
give a vector ri normal to the plane:

ri = rs × a (3)

Taking the cross product of ri with rs gives the vector that lies in
the plane and is perpendicular to rs , which is sp:

sp = rs × ri (4)

Normalizing this vector gives ŝp .
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Fig. 1 Lines forming shadow region boundaries in a plane defined by the sun center, the geocenter, and the satellite.

a) Full phase: no lines intersect

b) Penumbra: one line intersects

c) Umbra: both lines intersect Earth

Fig. 2 Satellite in full phase and satellite in eclipse.

The two sun-edge points are given by

rs1 = rs + (Rs ŝp) (5)

rs2 = rs − (Rs ŝp) (6)

where Rs is the sun radius.
The vector b is

b = rsc − rs1 (7)

for line 1 and

b = rsc − rs2 (8)

for line 2.
From Eq. (2), it is possible to rewrite y and z as a function of x

and the coefficients of vectors a and b:

y = (b2/b1)(x − a1) + a2 (9)

z = (b3/b1)(x − a1) + a3 (10)

Now y and z can be substituted into Eq. (1) to yield a quadratic in x :

x2 + [(b2/b1)(x − a1) + a2]2

p2
+ [(b3/b1)(x − a1) + a3]2

q2
= 1

(11)

q2x2 + q2

[
b2

b1
(x − a1) + a2

]2

+ p2

[
b3

b1
(x − a1) + a3

]2

= p2q2

Ax2 + Bx + C = 0 (12)

In this quadratic,

A = b2
1q2 + q2b2

2 + p2b2
3

B = −2b2
2q2a1 + 2b1q2a2 − 2p2b2

3a1 + 2p2b1a3

C = q2
[
b2

1a2
2 − b2

2a2
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]
+ p2

[
b2

1a2
3 − b2

3a2
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] − b2
1 p2q2 = 0 (13)

The real solutions to this quadratic equation give the x coordinates
of the points of intersection of the spheroid and the sun edge to
spacecraft line.

For a real solution to exist,

B2 − 4AC ≥ 0 (14)

If Eq. (14) is satisfied, an intersection takes place. A negative value
has no physical meaning, but shows that no intersection occurs. If
there is no intersection, then the satellite is in full phase. Lines from
both sun edges to an instantaneous satellite position are tested in
this manner. Once the value of x is obtained, it can be substituted
into Eq. (2) to solve for the y and z coordinates of the intersection
point; equivalent equations can be generated to yield quadratics in
y and z. Full coordinates of the intersection point are required to
calculate its distance from the sun. If this distance is larger than
the distance between the sun and the spacecraft, then the satellite is
automatically assigned a state of full phase. In all other cases, the
following conditions are regarded:

1) If both lines have real solutions, then the spacecraft is in the
umbra.

2) If only one of the lines has real solutions, the spacecraft is in
the penumbra.

3) If there are no real solutions, then the spacecraft is in full phase.
The algorithm written to carry out this function takes a Universal

Time Coordinated timetag and the position vector of the satellite
as inputs. The corresponding sun positions are retrieved for each
epoch from an ephemeris file (Jet Propulsion Laboratory, California
Institute of Technology, JPL DE405), and the test for intersection
points is carried out. A specified integer value is returned depend-
ing on the result of the computation; the program calling the func-
tion uses this integer value to determine if a change of state has
occurred.

Results
The preceding method describes a way of determining whether

the satellite is in full phase, penumbra, or umbra at a particular epoch.
This algorithm can be used with positions interpolated from precise
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Table 1 Eclipse entry/exit time offsets between different models
and Envisat photometry

Time from
Date photometry Spheroid, s Sphere, s IERS, s

17/02/2003 20:36:59 −4 2 12
17/02/2003 22:17:31 −0.5 6 15
18/02/2003 21:45:52 −4 −1 8
17/03/2003 20:53:54 2 8 17
18/03/2003 20:22:15 −2 4 12
18/03/2003 22:02:53 −5 1 10
20/03/2003 20:59:19 2 8 17
21/03/2003 22:08:14 0 6 14
23/03/2003 21:04:44 3 9 18
24/03/2003 20:33:02 2 8 16
27/03/2003 20:38:28 2 8 16
27/03/2003 22:19:04 1 7 16
07/04/2003 21:31:58 2 7 16
rms 2.649383 6.379052 14.67337

Table 2 Approximate orbital elements for Envisat

Parameter Value

Semi-major axis, km 7159
Inclination, deg 98.5
Eccentricity 0.001165
Argument of perigee, deg ±3 deg 90.0
Mean local solar time at descending node 10 a.m.

ephemeredes (as used here), or from an integrated orbit position for
prediction purposes. Precise orbit determination requires an accurate
timetag for when a change of state occurs6 because this is important
when calculating the correct solar flux for use in modeling many
nonconservative forces. To predict the exact crossing time, iteration
between the satellite’s position and its state will be required. The
iteration process is efficient because the method shares much of
the geometric simplicity of its spherical Earth counterparts, thus
also making its implementation very straightforward. The algorithm
could be easily incorporated into both fixed-step and adaptive-step
size orbit integrators.

Preliminary analyses were conducted with precise Envisat orbit
and photometric data provided by the satellite laser ranging facility
at Herstmonceux. Table 1 shows the time offsets for a series of
eclipse entry/exit times between photometric observations and three
different Earth models. A small rms value for these time offsets
suggests a greater degree of accuracy in the model. The spheroidal
model uses the algorithm described here with p = 6378.137 km and
q = 6356.752 km1, the spherical model uses p = q = 6378.137 km
and the International Earth Rotation Service (IERS) model uses a
spherical Earth with p = q = 6402.0 km (Ref. 7). The data indicate
that, with standard values for the Earth radii, the given spheroidal
algorithm can determine shadow crossing times that demonstrate
a significant improvement over comparable spherical models for
a low-Earth-orbiting satellite when tested against photometric ob-
servations. For low-Earth-orbiting satellites, an incorrect transition
point will introduce a systematic bias over many orbit revolutions.

Polar orbiters, such as Envisat (Table 2), will be subject to a dif-
ference of up to 4 min spent in eclipse when those predicted by a
spherical Earth model are compared against those from the current
algorithm.

In terms of efficiency, the algorithm developed here runs 13.4
times faster than an alternative oblate Earth technique5 when 1 mil-
lion eclipse states are determined on a dual processor AMD Athlon
2200+ machine.

Conclusions
The main operational software requirements for the computation

of precise orbit trajectories are accuracy and efficiency. An impor-
tant part of this must be the correct determination of eclipse shadow
boundary-transition times. A review of the publicly available liter-
ature on this subject has convinced the present authors that current
methods are either accurate or efficient, but not both. By modeling
the Earth as a spheroid, this method retains the physical complexity
inherent in the problem. Yet the algorithm is as simple computa-
tionally as techniques that model the Earth as a sphere, making our
approach highly efficient. Indeed, initial results point to the abil-
ity of our algorithm to be able to determine shadow crossing times
to within 1 s for low-Earth-orbiting satellites when compared to
photometric observations (Envisat and ERS-2).
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